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ALGEBRAIC, COMBINATORIAL AND TOPOLOGICAL PROPERTIES OF
SINGULAR VIRTUAL BRAID MONOIDS
BRUNO AARO´N CISNEROS DE LA CRUZ AND GUILLAUME GANDOLFI
Abstract. In this paper we discuss algebraic, combinatorial and topological properties of
singular virtual braids. On the algebraic side we state the relations between classical and virtual
singular objects, in addition we discuss a Birman–like conjecture for the virtual case. On the
topological and combinatorial side, we prove that there is a bijection between singular abstract
braids, horizontal Gauss diagrams and singular virtual braids, in particular using horizontal
Gauss diagrams we obtain a presentation of the singular pure virtual braid monoid.
1. Introduction
Recently, Caprau, De la Pena and McGahan defined singular virtual braids [5] as a gen-
eralization of classical singular braids defined by Birman and Baez for the study of Vassiliev
invariants [4, 2], and virtual braids defined by Vershinin and Kauffman [15, 12]. In [5] they
proved an Alexander and Markov Theorem for singular virtual braids and gave two presenta-
tions for SV Bn. Later, Caprau and Zepeda [6] constructed a representation of SV Bn, and using
Reidemeister–Schreier method they found a presentation for the Pure singular virtual braid
monoid. In this paper we study the algebraic, combinatorial and topological context of singular
virtual braids.
First we show that the singular virtual braid monoid is a natural extension of the singular
braid monoid and of the virtual braid group by proving that they are algebraically embedded
in it (Proposition 1).
We state a Birman–like conjecture for singular virtual braids; Birman originally defined a
map from the singular braid monoid to the braid group algebra called desingularization map,
and conjectured that it was injective. This conjecture is known as “Birman’s conjecture”.
Independently Papadima and Bar-Natan [13, 3] proved that Vassiliev invariants separated braids
and it was proved by Zhu in [16] that if Birman’s conjecture was true, then they would also
separate singular braids. Later, Birman’s conjecture was proved by Paris in [14]. We define the
desingularization map for singular virtual braids and we prove that the preimage of 1 by it is
reduced to {1} (Proposition 3), which leads us to conjecture that it is injective.
We study singular virtual braids from the combinatorial point of view; Goussarov, Polyak
and Viro defined Gauss diagrams as a combinatorial approach to study and calculate Vassiliev
invariants [9]. They discovered that virtual knots are in bijective correspondence with Gauss
diagrams, identified up to Ω–moves, which are roughly speaking the counterpart of Reidemeister
moves in the context of Gauss diagrams. We extend the definition of horizontal Gauss diagrams1
[1, 3, 7], which are a braid–like version of Gauss diagrams, identified by their Ω–moves. We prove
1In [7], they are called braid–Gauss diagrams.
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that these are in a bijective correspondence with singular virtual braids (Proposition 5) and as
an application we recover the presentation of the pure singular virtual braid monoid given in [6]
without using Reidemeister–Schreier method (Proposition 6).
We give a topological interpretation of singular virtual braids; for virtual knots it was given
independently by Kauffman [12] and by Kamada [10] as knot diagrams on surfaces (up to stable
equivalence), called abstract knots, which extends the classical topological knot theory. The
first author defined abstract braids and proved that they are a topological interpretation for
virtual braids which is compatible with the objects defined by Kauffman and Kamada [7]. We
extend this notion and define singular abstract braids, and we prove that they are in a bijective
correspondence with singular virtual braids (Proposition 8).
The paper is organized as follows, in section 2 we recall the presentations of the monoids and
groups that we use in the paper. Section 3 is dedicated to the algebraic context of singular
virtual braids i.e. we prove that the virtual braid group and the singular braid monoid embed
in the singular virtual braid monoid, and we state a Birman–like conjecture for the virtual case.
In section 4 we give a combinatorial description of singular virtual braids as horizontal Gauss
diagram and we recover the presentation of the pure singular virtual braid monoid. Finally,
in section 5 we use horizontal Gauss diagrams to establish a topological realization of singular
virtual braids.
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2. Basic definitions
2.1. Definitions.
We start by recalling the presentations of the different monoids and groups considered in this
article. Set n ≥ 2 a natural number.
Definition 1. The braid group on n strands, Bn, is the abstract group generated by σ1, . . . , σn−1
with the following relations:
(R0) σiσj = σjσi, |i− j| ≥ 2,
(R3) σiσi+1σi = σi+1σiσi+1, i = 1, ..., n− 2.
The virtual braid group on n strands, V Bn, is the abstract group generated by σ1, . . . , σn−1
(classical generators), ρ1, . . . , ρn−1 (virtual generators), relations (R0), (R3), and
(V1) ρiρj = ρjρi, |i− j| ≥ 2,
(V2) σiρj = ρjσi, |i− j| ≥ 2,
(V3) ρ2i = 1, i = 1, ..., n− 1,
(V4) ρiρi+1ρi = ρi+1ρiρi+1, i = 1, ..., n− 2,
(V5) ρiσi+1ρi = ρi+1σiρi+1, i = 1, ..., n− 2;
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Let us recall that there is a topological interpretation of braids as isotopy classes of strands
embedded in the unital cube of R3, such that they move monotonically with respect to the
x-axis, joining n–marked points on opposite faces, and that an isotopy is a continuous path
of boundary–fixing diffeomorphisms of the unital cube, starting at the identity and preserving
monotony of the strands.
Braids can be represented also through diagrams in the unital square of R2, such that they
move monotonically with respect to the x-axis, joining n–marked points on opposite faces, and
identified up to isotopy, which corresponds to relation (R0), and Reidemeister moves, which
correspond to relations2 (R2) and (R3) (see Figure 2). The generator σi corresponds to the
diagram represented on the left of Figure 1, the generator σ−1i is obtained from σi by making a
cross changing.
σi = ρi = τi =
1
i
i+ 1
n
1
i
i+ 1
n
1
i
i+ 1
n
Figure 1. Classical, virtual and singular generators
R0
=
R2
=
R3
=
Figure 2. Relations R0, R2 and R3
Virtual braids were originally defined through braid-like diagrams, which are braid diagrams
but with different labels on the crossings. As in the classical case, locally each crossing cor-
responds to a generator. Diagrammatically, for virtual braid diagrams, we have classical (σi)
and virtual generators (ρi) illustrated in Figure 1. Virtual braid diagrams are identified up to
isotopy and moves (R0),(R2),(R3), isotopy (V1), (V2) and virtual Reidemeister moves (V3) to
(V5) (see Figure 3).
Definition 2. The singular braid monoid on n strands, SBn is the abstract monoid generated
by σ±11 , . . . , σ
±1
n−1 (classical generators), and τ1, . . . , τn−1 (singular generators), with relations
(R0), (R3) and
2The Reidemeister move (R2) corresponds to the inversibility of the generators σi, which is implicit in the
group presentation.
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V 1
=
V 2
=
V 3
=
V 4
=
V 5
=
Figure 3. Relations V1 to V5
(R2) σiσ
−1
i = 1 = σ
−1
i σi,
(S1) τiτj = τjτi, |i− j| ≥ 2,
(S2) τiσj = σjτi, |i− j| ≥ 2,
(S3) τiσi = σiτi, i = 1, ..., n− 1,
(S4) σiσi+1τi = τi+1σiσi+1, i = 1, ..., n− 2;
The singular virtual braid monoid on n strands, SV Bn, is the abstract monoid generated by
σ±11 , . . . , σ
±1
n−1 (classical generators), ρ1, . . . , ρn−1 (virtual generators), and τ1, . . . , τn−1 (singular
generators), with relations (R0), (R2), (R3), (S1) to (S4), (V1) to (V5) and
(SV1) ρiτj = τjρi, |i− j| ≥ 2,
(SV2) ρiτi+1ρi = ρi+1τiρi+1, i = 1, ..., n− 2.
Singular braid monoids have a topological counterpart as isotopy classes of strands immersed
in the unital cube of R3, such that they move monotonically respect to the x-axis, joining n–
marked points on opposite faces and their singularities are isolated transverse double points.
Notice that, since diffeomorphisms preserve singular points, so does an isotopy. As in the case of
classical braids they admit a diagrammatic representation, then we have two types of crossings,
classical (σi) and singular (τi), which correspond to the generators illustrated in Figure 1. The
diagrams of singular braids are identified up to isotopy and moves (R0), (R2), (R3), isotopy
(S1), (S2), move (S3) and the singular Reidemeister move (S4) (see Figure 4).
Similarly to the non-singular case, the singular virtual braid monoid is defined through braid-
like diagrams, there are three types of crossings, classical (σi), virtual (ρi) and singular (τi),
which correspond to the generators illustrated in Figure 1. The diagrams of virtual singular
braids are identified up to isotopy and moves (R0), (R2), (R3), (V1) to (V5), (S1) to (S4),
isotopy (SV1) and the singular virtual Reidemeister move (SV2) (see Figure 5).
3. Algebraic properties
In this section we discuss the relation between classical, virtual and singular braid objects
and we present some evidence to state a Birman–like conjecture for the virtual case.
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S1
=
S2
=
S3
=
S4
=
Figure 4. Relations S1 to S4
SV 1
=
SV 2
=
Figure 5. Relations SV1 and SV2
3.1. Relations between the objects. Consider the following diagram, where each arrow rep-
resents the natural morphism between the objects.
V Bn // SV Bn
Bn
OO
// SBn
OO
Proposition 1. The previous diagram is commutative and each morphism is injective.
It is easy to check the commutativity of the diagram. Furthermore, the injectivity of the map
from Bn to V Bn was already proved in [11]. We are going to prove the injectivity of the other
maps. In order to do this, we first need to show that SBn and SV Bn can be decomposed into
certain semidirect products.
Define the two monoids:
M := 〈 Υ |uv = vu, u, v ∈ Υ and uv = vu in SBn〉+
where Υ = {βτiβ−1, β ∈ Bn, 1 ≤ i ≤ n− 1}, and
Mv := 〈 Υv |uv = vu, u, v ∈ Υv and uv = vu in SV Bn 〉+
where Υv = {βτiβ−1, β ∈ V Bn, 1 ≤ i ≤ n− 1}.
Notice that Bn (resp. V Bn) acts on M (resp. Mv) by conjugation.
Lemma 2. The singular (virtual) braid monoid admit the following decompositions
SBn =MoBn and SV Bn =Mv o V Bn.
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Proof. We prove that the decomposition for singular virtual braids holds, following [14] where
a similar decomposition is made for the classical singular braid monoid.
On the free monoid over σ±1i , ρi, τi, for 1 ≤ i ≤ n−1, define the homomorphism toMvoV Bn
which sends every σi, ρi to (1, σi), (1, ρi), respectively, and every τi to (τi, 1). It is easy to verify
that the images of the generators satisfy the defining relations of SV Bn, thus the homomorphism
can be factorized through SV Bn. Call this map Φ.
On the other hand, define the map from Mv o V Bn to SV Bn as follows, (ω, β) goes to ωβ,
it is clear that this is a monoid homomorphism, we call it Ψ. Notice that Ψ ◦ Φ = IdSV Bn and
Φ ◦Ψ = IdMvoV Bn . From this we have the desired decomposition.

Now we can finish the proof of Proposition 1.
Proof. The injection of Bn (resp V Bn) in SBn (resp. in SV Bn) follows from these decompo-
sitions. It remains to prove the injection of SBn in SV Bn, which is reduced to the problem of
the injectivity of the natural maps Bn → V Bn and κ : M → Mv. The injectivity of the first
map has already been mentioned, so we only need to prove the injectivity of κ.
The core of the proof is to show that if β0, β1 ∈ Bn and 1 ≤ i, j ≤ n − 1 then the following
are equivalent3:
(1) (β0τiβ
−1
0 )(β1τjβ
−1
1 ) = (β1τjβ
−1
1 )(β0τiβ
−1
0 ) holds in SV Bn
(2) (β0τiβ
−1
0 )(β1τjβ
−1
1 ) = (β1τjβ
−1
1 )(β0τiβ
−1
0 ) holds in SBn.
Let θˆ : SV Bn → V Bn be the map defined as θˆ(σi) = σi, θˆ(ρi) = ρi and θˆ(τi) = σi. It is easy
to verify that θˆ is a well-defined monoid homomorphism using the defining relations of SV Bn
and SBn. Now suppose that (1) holds, then θˆ((β0τiβ
−1
0 )(β1τjβ
−1
1 )) = θˆ((β1τjβ
−1
1 )(β0τiβ
−1
0 ))
i.e.:
(β0σiβ
−1
0 )(β1σjβ
−1
1 ) = (β1σjβ
−1
1 )(β0σiβ
−1
0 ) in V Bn.
Since Bn embeds in V Bn, the equality holds in Bn and therefore in SBn. Theorem 7.1 from
[8] states that for every singular braid β and 1 ≤ i, j ≤ n − 1 then βσi = σjβ if and only if
βτi = τjβ and as a consequence we have (in SBn):
(β0σiβ
−1
0 )(β1σjβ
−1
1 ) = (β1σjβ
−1
1 )(β0σiβ
−1
0 )
⇔ σi(β−10 β1σjβ−11 β0) = (β−10 β1σjβ−11 β0)σi
⇔ τi(β−10 β1σjβ−11 β0) = (β−10 β1σjβ−11 )β0)τi
⇔ (β0τiβ−10 )(β1σjβ−11 ) = (β1σjβ−11 )(β0τiβ−10 )
⇔ (β−11 β0τiβ−10 β1)σj = σj(β−11 β0τiβ−10 β1)
⇔ (β−11 β0τiβ−10 β1)τj = τj(β−11 β0τiβ−10 β1)
⇔ (β0τiβ−10 )(β1τjβ−11 ) = (β1τjβ−11 )(β0τiβ−10 ).
Hence the result. 
3Actually, only (1)⇒ (2) is needed but the converse is obvious.
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3.2. Birman–like conjecture.
Recall that if M is a monoid then Z[M ] is the Z-algebra whose underlying module is the
free Z-module over the elements M and which is endowed with the multiplication obtained by
extending bilinearly the multiplication of M . Recall also that Z can be identified with Z.e where
e denotes the identity element of M .
Let η : SBn → Z[Bn] be the desingularization map defined by η(τi) = σi− σ−1i and η(σ±1i ) =
σ±1i . This map was defined by Birman and Baez [4, 2] in order to study finite type invariants.
Birman conjectured that this map was injective and this was proved by Paris in [14]. We
can define a similar map in the virtual case as follows. Let ηˆ : SV Bn → Z[V Bn] defined by
ηˆ(τi) = σi − σ−1i , ηˆ(σ±1i ) = σ±1i and ηˆ(ρi) = ρi. We obtain the following commutative diagram.
SV Bn
ηˆ // Z[V Bn]
SBn
?
OO
  η // Z[Bn]
?
OO
Let us recall that for monoid homomorphisms, contrary to group homomorphisms, having a
trivial kernel is a necessary but not sufficient condition to be injective. Therefore the following
proposition gives only a partial answer to the question of the injectivity of η. It is strongly
inspired from [8], where the classical case is treated.
Proposition 3. Let a ∈ Z, then:
ηˆ−1({a}) =
{
1 if a = 1,
∅ otherwise.
To prove this proposition, we define a degree on elements of SV Bn.
Definition 3. Let deg be the monoid homomorphism from SV Bn onto (Z,+) that maps every
σ±1i to ±1 and the other generators to 0. The image by deg of an element in SV Bn is called the
degree of this element.
Notice that for every defining relation for SV Bn the number of singularity in the right-hand
side of the equation is the same as in the left-hand side. As a consequence, two words on the
generators of SV Bn representing the same element always have the same number of singularities.
The number of singularities of a singular virtual braid is therefore well-defined, as well as the
following definition :
Definition 4. For every d ∈ N, we denote by SdV Bn the subset of SV Bn constituted of braids
with exactly d singularities.
The following shows an example of the decomposition of η(β) in Z[V Bn] of a braid β ∈ V Bn.
Let ω = ρ1σ
−1
2 τ1ρ2σ2τ2 ∈ S2V B3, then
ηˆ(ω) = ρ1σ
−1
2 σ1ρ2σ2σ2
− ρ1σ−12 σ1ρ2σ2σ−12
− ρ1σ−12 σ−11 ρ2σ2σ2
+ ρ1σ
−1
2 σ
−1
1 ρ2σ2σ
−1
2 .
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Notice that ηˆ(ω) is a sum of 22 elements, that deg(ω) = 0, that the degree of ρ1σ
−1
2 σ
−1
1 ρ2σ2σ
−1
2
is 0 − 2, that the degree of ρ1σ−12 σ1ρ2σ2σ2 is 0 + 2 and that those are the unique elements of
maximal and minimal degree in the sum obtained by ηˆ. This is stated for the general case in
the next lemma.
Lemma 4. Let β ∈ SdV Bn, with deg(β) = s, then:
1) ηˆ(β) =
2d∑
i=1
aiαi where ai ∈ Z and αi ∈ V Bn,
2) there exist unique k, l such that deg(αk) = s− d and deg(αl) = s+ d,
3) for every i 6= k, l, we have s− d < deg(αi) < s+ d.
Proof. We prove the proposition by induction on d:
If β ∈ S0V Bn = V Bn then ηˆ(β) = β and the result is trivial.
Assume the result holds for every β ∈ SdV Bn and then take β ∈ Sd+1V Bn. Let β = x1...xm
where the xi are generators of SV Bn and let j be such that xj = τi for some i ∈ {1, . . . , n−1} and
xk /∈ {τ1, ..., τn−1} for k > j. Then β′ = x1...xj−1 has exactly d singularities and therefore, by
induction hypothesis, ηˆ(β′) can be written as a′1α′1 + ...+a′2dα
′
2d
where the elements α′min, α
′
max
of minimum and maximum degree have respectively degree s′−d and s′+d with s′ = deg(β′) =
deg(β)− deg(xj ...xm) and every other element has degree strictly between s′ − d and s′ + d. It
follows that:
ηˆ(β′xj) = ηˆ(β′τi) =
2d∑
i=1
a′iα
′
iσi −
2d∑
i=1
a′iα
′
iσ
−1
i ,
and that ϕ(β′xj) is a sum of 2d+1 terms, each of which having a degree strictly between s′−d−1
and s′+d+1 except for α′minσ
−1
i , α
′
maxσi which have respectively degree s
′−d−1 and s′+d+1.
Finally, we get that ηˆ(β) = ηˆ(β′xj)xj+1...xm is a sum of 2d+1 terms each of which having a degree
strictly between
s′ − (d+ 1) + deg(xj+1...xm) = s− (d+ 1)
and
s′ + (d+ 1) + deg(xj+1...xm) = s+ (d+ 1)
except for α′minσ
−1
i xj+1...xm and α
′
maxσixj+1...xm which have respectively degree s − (d + 1)
and s+ (d+ 1). 
Now we can prove Proposition 3.
Proof. Let a ∈ Z and let β ∈ SV Bn such that ηˆ(β) = 1. If s and d denote respectively the number
of singularities and the degree of β, then by the previous proposition we have s+ d = s− d = 0,
which implies that d = 0, that is β has no singularity and therefore that β = ηˆ(β) = a. Since
SV Bn ∩ Z = {1}, if a 6= 1 we end up with a contradiction and if a = 1 then β = 1. Hence the
result. 
This results motivates the following Birman–like conjecture in the virtual case.
Conjecture. The desingularization map ηˆ : SV Bn → Z[V Bn] is injective.
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Finally, consider the linear extension H of η to Z[SBn]; this map was proved not to be injective
in [8]. It follows that the extension Hˆ of ηˆ to Z[SV Bn] is not injective since it coincides with H
on Z[Bn], as shown in the following diagram :
Z[SV Bn]
Hˆ // Z[V Bn]
Z[SBn]
?
OO
H // Z[Bn].
?
OO
4. Combinatorial properties of SV Bn
4.1. Singular Gauss diagrams.
In [7], it is proved that the set of virtual braids are in a bijective correspondence with the set of
stable equivalence classes of abstract braids, the bijection given there passes through horizontal
Gauss diagrams. In this section we extend the definition of horizontal Gauss diagrams to the
singular case, and we prove that they are in bijective correspondence with singular virtual
braids. As an algebraic application of this bijection, we recover the presentation of the virtual
pure singular braid monoid given by Caprau and Zepeda [6].
Definition 5. A singular horizontal Gauss diagram on n strands G is a 4–tuple (I, A, S, pi)
where I is a collection of n oriented disjoint intervals embedded in the plane, such that they
parallel to each other and ordered from top to bottom, they are called underlying intervals, A is
a finite set of signed arrows, S is a finite set of unsigned arrows (we call unsigned arrows simply
by arrows) and pi ∈ Sn, where Sn is the set of permutations of {1, . . . , n}, such that:
(1) each (signed) arrow has its endpoints in the interior of two different underlying intervals,
(2) (signed) arrows are pairwise disjoint,
(3) the endpoint of the i-th underlying interval is labelled with pi(i).
Remark. Notice that condition (2) in Definition 5 implies that we can draw the arrows perpen-
dicular to the underlying intervals, up to reparametrization of the underlying intervals. When
we draw underlying intervals vertically, then arrows are horizontal. This is why they are called
horizontal Gauss diagrams. In this paper we draw underlying intervals horizontally.
Definition 6. Let D1 and D2 be two singular horizontal Gauss diagrams. We say that D1 and
D2 are related by an Ω–move if D1 has a subdiagram equivalent to one of the diagrams shown
on right (respectively left) side of pictures (A), (B), (C) and (D) of Figure 6, and replacing
this subdiagram for the one shown on the left (respectively right) side of the picture gives D2.
Observe that in pictures (A), (B), (C) and (D), i, j, k may not be consecutive, nor in increasing
order. Each move is labelled according to the subdiagrams that we change, i.e. we have four
Ω–moves: Ω2, Ω3, SΩ2 and SΩ3–moves4.
Singular horizontal Gauss diagrams are identified by the equivalence relation generated by
the Ω–moves and oriented diffeomorphisms of the underlying intervals Ii, i = 1, . . . , n. We call
horizontal Gauss diagrams an equivalence class of singular horizontal Gauss diagrams and we
denote the set of equivalence classes of horizontal Gauss diagrams on n strands by Gn.
4Notice that as in the case of (virtual) braids, we can have an Ω3–like move with different signs on the arrows
by composing different Ω–moves.
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i
j
-εε
i
j
(a) Ω2–move
i
j
εεεk
i
j
ε ε εk
(b) Ω3–move
i
j ε
i
j ε
(c) SΩ2–move (d) SΩ3–move
Figure 6. Ω–moves
Definition 7. Let β be a virtual singular braid diagram on n strands. The singular horizontal
Gauss diagram of β, G(β), is a singular horizontal Gauss diagram on n strands given by:
• each underlying interval of G(β) is associated to the corresponding preimage of a strand
of β,
• there is a signed arrow for each classical crossing, whose endpoints correspond to the
preimages of the crossing with the following rule:
– Arrows are pointing from the over-passing string to the under-passing string,
– The sign of the arrow is given by the sign of the crossing,
• there is a simple arrow for each singular crossing, whose endpoints correspond to the
preimages of the singular crossing with the following rule: according to the standard
orientation of the plane, the tail corresponds to the strand that plays the role of the
x-axis, and the head of the arrow corresponds to the strand that plays the role of the
y-axis:
a
ab
b a
b a
b a
b a
ba
ab
b
• the permutation of G(β) corresponds to the permutation associated to β.
In Figure 7 is an example of translation of a singular virtual braid diagram into a horizontal
Gauss diagram.
Notice that that classical, virtual and singular Reidemeister moves are translated into Ω–
moves, and isotopies are translated into diffeomorphisms of the underlying intervals. Thus, there
is a well defined function from virtual singular braids to horizontal Gauss diagrams, leading to
the next proposition.
Proposition 5. There is a bijective correspondence between the set of singular virtual braids on
n strands, SV Bn, and the set of horizontal Gauss diagrams, Gn.
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Figure 7. The construction of G(β)
Proof. We have a well defined function G : SV Bn → Gn. It suffices to construct a function
B : Gn → SV Bn and show that G ◦B = IdGn and B ◦G = IdSV Bn .
Given a singular horizontal Gauss diagram g, we can construct a singular virtual braid dia-
gram, B(g), as follows.
Consider a unitary square on the plane, with n points on the left, labelled by 1, . . . , n, and n
points on the right, labelled by the permutation of the singular horizontal Gauss diagram. Then,
draw a classical crossing, with the given sign for each signed arrow, and a singular crossing for
each arrow, in the order that they appear on the diagram with respect to the x-axis and in such
a way that their projection to the x-axis do not intersect. Notice that each underlying interval
represents a strand of the virtual singular braid, indicating the crossing where the strand is
involved, according to the (signed) arrows, and its endpoints with respect to the labelled points.
Then the singular horizontal Gauss diagram can be seen as a set of instructions for drawing
joining arcs connecting crossings and endpoints. Notice that in the construction of the joining
arcs, new crossings will appear. These crossings will be virtual. With this we have constructed
a virtual singular braid diagram.
We can verify that B(g) is well defined up to virtual Reidemeister moves, and if g is identified
up to oriented diffeomorphism, then B(g) is well defined up to isotopy and virtual Reidemeister
moves.
This construction induces a well defined function from the set of equivalence classes of sin-
gular horizontal Gauss diagrams (Gn) to the set of equivalence classes of virtual singular braid
diagrams (SV Bn) - for a detailed discussion about this see [7]. It is immediate to see that
B : Gn → SV Bn and G ◦B = IdGn and B ◦G = IdSV Bn . For an example of a singular virtual
braid built from a horizontal Gauss diagram, see Figure 8. 
4.2. Singular virtual pure braids on n strands SV Pn.
Let ui ∈ {σi, τi, ρi | 1 ≤ i ≤ n−1 } be a generator of SV Bn, and let θ : SV Bn → Sn be defined
by θ(ui) = (i, i+1). Notice that θ induces an homomorphism. The kernel of this homomorphism
is called the monoid of singular virtual pure braids on n strands, denoted by SV Pn. The elements
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Figure 8. The construction of B(g)
of SV Pn are singular virtual braid diagrams, identified up to classical, virtual and singular
Reidemeister moves and isotopy, whose associated permutation is the identity (i.e. the strands
do not mix the endpoints).
As an application of the bijection between horizontal Gauss diagrams and singular virtual
braids, we recover the presentation of SV Pn given by Caprau and Zepeda [6].
Proposition 6. The virtual singular pure braid monoid on n strands, SV Pn admits the following
presentation.
• Generators: For  ∈ {±1} and 1 ≤ i 6= j ≤ n, Xi,j and Yi,j.
• Relations: For i, j, k, l ∈ {1, . . . , n} all different and  ∈ {±1},
(SP1) Xi,jX
−
i,j = 1.
(SP2) Xi,jX

i,kX

j,k = X

j,kX

i,kX

i,j.
(SP3) Xi,jXk,l = Xk,lXi,j, Yi,jYk,l = Yk,lYi,j and Xi,jYk,l = Yk,lXi,j.
(SP4) Yi,jX

j,i = X

i,jYj,i.
(SP5) Yj,kX

i,kX

i,j = X

i,jX

i,kYj,k.
Proof. As proved in Proposition 5, there is a bijection between virtual braid diagrams and
horizontal Gauss diagrams and therefore there is a bijection between the set of pure virtual
braid diagrams and the set of horizontal Gauss diagrams whose associated permutation is the
identity or equivalently horizontal Gauss diagrams “without permutation”.
Given a singular horizontal Gauss diagram without permutation, we can express it in terms
of its signed arrows and simple arrows as follows:
• up to reparametrization of the underlying intervals, we can suppose that for each time
t ∈ [0, 1] there is exactly one arrow or signed arrow,
• denote a signed arrow by Ai,j if it begins on the i-th interval and ends on the j-th
interval, with  ∈ {±1} according to the sign of the signed arrow,
• denote a simple arrow by Si,j if it begins on the i-th interval and ends on the j-th interva,
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• write a word concatenating Ai,j ’s and Si,j ’s depending on the signed or simple arrows,
as they appear on the singular horizontal Gauss diagram, according to the time.
Conversely, given a word on the alphabet Σ = { A±1i,j , Si,j | for 1 ≤ i 6= j ≤ n and  ∈ {±1}},
one can build a horizontal singular Gauss diagram without permutation.
From this discussion, there is a bijection between the set of singular horizontal Gauss diagrams
without permutation (call it the set of pure horizontal Gauss diagrams) and the free monoid
F(Σ) over Σ.
It remains to translate the Ω–moves and diffeomorphisms on pure horizontal Gauss diagrams
into relations on the monoid, to obtain the proposition. For  ∈ {±1} and i, j, k, l ∈ {1, . . . , n}
different:
(P1) move Ω2 translates as Ai,jA
−
i,j = e,
(P2) move Ω3 translates as Ai,jA

i,kA

j,k = A

j,kA

i,kA

i,j ,
(P3) move SΩ2 translates as Si,jA

j,i = A

i,jSj,i,
(P4) move SΩ3 translates as Sj,kA

i,kA

i,j = A

i,jA

i,kSj,k,
(P5) reparametrization of the underlying intervals generates the following relations:
• Ai,jAk,l = Ak,lAi,j ,
• Si,jSk,l = Sk,lSi,j ,
• Ai,jSk,l = Sk,lAi,j .
Furthermore, as pure singular virtual braid diagrams (pure horizontal Gauss diagrams) do not
mix the strands, multiplication of pure singular virtual braids (concatenation of pure horizontal
Gauss diagrams) is equivalent to the product of the monoid F(Σ). As a consequence, the
homomorphism given by ϕ : F(Σ)→ SV Pn defined for 1 ≤ i < j ≤ n as follows:
ϕ(Ai,j) = Xi,j := ρj−1 . . . ρi+1ρiσiρiρi+1 . . . ρj−1
ϕ(Aj,i) = Xj,i := ρj−1 . . . ρi+1σiρi+1 . . . ρj−1
ϕ(Si,j) = Yi,j := ρj−1 . . . ρi+1ρiτiρiρi+1 . . . ρj−1
ϕ(Sj,i) = Yj,i := ρj−1 . . . ρi+1τiρi+1 . . . ρj−1
is well defined and induces a monoid isomorphism between F(Σ)/(P1− P5) and SV Pn. 
Remark. The homomorphism θ : SV Bn → Sn has a monoid section, τ : Sn → SV Bn, defined
on its generators by τ((i, i+ 1)) = ρi, for 1 ≤ i ≤ n− 1. This gives a decomposition
SV Bn = SV Pn o Sn
where the action of Sn on SV Pn is given by pi ·Xi,j = Xpi(i),pi(j) and pi · Yi,j = Ypi(i),pi(j).
5. Topological properties
In this section, we exhibit a topological realization of singular virtual braids as singular
abstract braids, which generalizes abstract braids introduced in [7] and [10].
Definition 8. A singular abstract braid diagram on n strands is β¯ = (S, β, ) is a triple such
that:
(1) S is a connected, compact and oriented surface with ∂S = C0 unionsq C1,
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(2) each boundary component of S has n marked points, say {a1, . . . , an} ⊂ C0 and
{b1, . . . , bn} ⊂ C1, where aj = e2pij/n and bj = e−2pij/n with the orientation of Ci,
(3) β is an n-tuple of arcs β = (β1, . . . , βn) such that:
• for k ∈ {1, . . . , n}, βk is an arc from [0, 1] to S,
• for k ∈ {1, . . . , n}, βk(0) = ak and there exists pi ∈ Sn such that βk(1) = bpi(k),
• the set of n-tuple of curves β is in general position, i.e. there are only transverse
double points on the image of β in S (called crossings),
• the oriented graph formed by β has no oriented cycles,
(4) each crossing is either a positive, negative or singular crossing with its nature indicated
by a function
 : {Crossings} → {+1,−1, s}.
Definition 9. We say that two singular abstract braid diagrams, (S, β, ) and (S, β′, ′), are
Reidemeister equivalent, if they are related by a finite number of the following operations:
• Ambient isotopy. There is a continuous map
H : (S, ∂S)× [0, 1]→ (S, ∂S)
with Ht = H(·, t) ∈ Diff(S, ∂S) and (S,Ht(β), t) is a singular abstract braid diagram
such that (S,H0(β), 0) = (S, β, ) and (S,H1(β), 1) = (S, β
′, ′), where t is the crossing
map induced by Ht.
• Reidemeister moves. We say that (S, β, ) and (S, β′, ′) are related by a Reidemeister
move, if there exists an open neighbourhood in S such that we can perform a Reidemeister
move of type R2 or R3 on β to obtain (S, β′, ′)
• Singular Reidemeister moves. We say that (S, β, ) and (S, β′, ′) are related by a singular
Reidemeister move, if there exists an open neighbourhood in S such that we can perform
a singular Reidemeister move of type S3 or S4 on β to obtain (S, β′, ′)
We call the set of Reidemeister equivalence classes the set of singular abstract braids, and we
denote them by SABn.
Definition 10. We say that two singular abstract braid diagrams, (S, β, ) and (S′, β′, ′), are
Stable equivalent, if they are related by a finite number of the following operations:
(1) Diffeomorphism. We say that (S′, β′, ′) is obtained from (S, β, ) by a diffeomorphism
if there exists f ∈ Diff+(S, S′) such that (S′, β′, ′) = (f(S), f(β),  ◦ f−1).
(2) Stabilization. We say that (S′, β′, ′) is obtained from (S, β, ) by a stabilization if there
exists an attaching region, h : S0 × D2 7→ S, for a 1-handle that is disjoint from the
image of β and (S′, β′, ′) = (S′′, β, ), where S′′ is obtained by the 0-surgery on S along
h, i.e. is the surface
S′′ := S \
◦︷ ︸︸ ︷
h(S0 ×D2)∪S0×S1D1 × S1.
(3) Destabilization. A destabilization is the inverse operation of a stabilization, and it in-
volves cutting S along an essential curve γ disjoint from the image of β and attaching
two copies of D2 along the two new boundary components. If the resulting surface is
disconnected, then we keep only the component containing β.
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We now prove that there exists a correspondence between singular virtual braids and singular
abstract braids up to stable equivalence by establishing a bijection between these last objects
and horizontal Gauss diagrams.
Proposition 7. There is a bijective correspondence between the set of stable classes of singular
abstract braids and the set of horizontal Gauss diagrams.
Proof. Notice that the Gauss diagram of a singular virtual braid diagram, (β, ), is completely
defined by the graph induced by β and the function . This allows us to define an analogue to
Definition 7 for abstract braid diagrams, i.e. given an abstract braid diagram, (S, β, ), we can
associate to it a singular Gauss diagram G(S, β, ).
Furthermore, this association is well defined up to stable equivalence, since diffeomorphisms,
stabilizations and destabilizations do not change the pair (β, ), and if we perform a local Rei-
demeister or singular Reidemeister move, it is equivalent to perform an Ω–move on the singular
horizontal Gauss diagram. Thus, we have a well defined function
G : SABn/(stability)→ Gn.
On the other hand, given a horizontal singular Gauss diagram, g, consider the singular virtual
braid diagram B(g).
1
2
-3
3
1
2
Figure 9. Singular virtual braid diagram from Gauss diagram.
From B(g) we can construct an abstract singular braid diagram as constructed in [7] for braids
and in [10] for knots, that is:
(1) To each side of the braid diagram add a circle in such a way that the respective endpoints
lie on it, call these circles distinguished components (see Figure 10).
Figure 10. Adding circles to the virtual braid diagram
(2) Take a regular neighborhood, in R2, of the obtained diagram. We get a surface Σ with
several boundary components, among them the distinguished components (see Figure
11).
(3) Consider the natural embedding of R2 in R3, this induces an embedding of the preceding
surface. Perturb, in R3, a regular neighborhood of each virtual crossing in such a way
that you obtain two disjoint bands. We obtain a new surface, preserving the distinguished
boundary components (see Figure 12).
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Figure 11. The surface associated to the virtual braid diagram
Figure 12. The surface obtained after perturbations
(4) Consider the abstract surface obtained on the last construction and cap all the bound-
ary components, but the distinguished boundary components. As the previous surface
was oriented, we obtain an oriented surface with only two boundary components and
satisfying the definition of abstract singular braid diagram. Call the abstract singular
braid diagram A(g) = (S, β, ) (see Figure 13).
Figure 13. The abstract braid diagram constructed from β.
Notice that for each virtual crossing we can perturb in two different ways, both are diffeomor-
phic, thus the surface obtained well-defined up to diffeomorphisms. Furthermore, if we choose a
different singular braid diagram representing g, it only changes by virtual Reidemeister moves,
thus when we perturb the regular neighbourhood we obtain the same surface up to diffeomor-
phism. From this, we have a well defined function from the set of singular horizontal Gauss
diagram to the set of singular abstract braids.
Finally, if we perform an Ω–move on g, the associated abstract braid changes up to the
correspondent Reidemeister move and (possibly) stabilization or destabilization. Thus, this
defines a function A : Gn → SABn/(stability).
Note that G ◦A = IdGn and A ◦G = IdSABn and the bijection is given. 
As an immediate consequence, we have the following proposition, which gives us a realization
of singular virtual braids in a topological context :
Proposition 8. There is a bijection between the set of singular virtual braids and the set of
stable classes of abstract singular braids.
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